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Abstract
The current state of the “OPEProject” optical metrology application is not conducive to
its intended use. The app has several errors in its algorithm that must be resolved before it is
ready for commercial use. One of the most pressing issues stems from the application’s
excessively low margin for error. If there is any misalignment present in the testing system, the
app runs a high risk of producing flawed results. To alleviate this issue, this project aims to find
and explore patterns in the collected data that can offer insight to methods of error correcting. It
is my hope that the findings from this analysis will lay the groundwork for a solution to these
aforementioned issues, enabling the “OPEProject” app to be utilized by members of the optics
industry.

Introduction
The Foundation
High quality optical systems require accurate optical components. Fabrication errors can
be costly and devastating; for example, the Hubble Space Telescope’s Primary Mirror error
required hundreds of millions of dollars to correct after its post-launch discovery. To catch such
errors before they become a large issue, simple but accurate testing systems are needed.
A few years ago, a small group of UAH students gathered as a senior design team and
aimed to provide such a system. To this end, the team created the iPhone application
“OPEProject”. This system was designed to determine the shape, curvature, and conic constant
of a curved mirror with a simple and widely accessible test. The test was modeled after the
inverted Hartmann test and the Ronchi (pronounced “ron-key”) test, which both analyze the
effects that a mirror’s reflection has on an object.
To conduct a Hartmann test, one needs only a light source, a curved mirror, a detector,
and a mask (known as a “Hartmann Screen”).1 The source and detector are placed next to each
other near the mirror’s center of curvature (a topic which will be explained later), and the
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Hartmann Screen is placed just before the mirror.2 A diagram depicting this this system is
provided in Figure I-1.
In this system, the Hartmann Screen serves to block some of the light emitted by the
source.3 As such, the mirror is only viewable by the detector certain points, wherever the
Hartmann Screen is open. At these open points, the slope of the mirror is calculated by following
the rays of light along the path that they take from the source to the detector. This process is
known as “ray tracing” will be further explained later. Once the slopes of the mirror at the
separate points are known, they are used together to estimate the mirror’s shape.4
The inverted Hartmann test performs very similarly to the standard test. The primary
difference is that, as the name implies, the system is inverted. More specifically, rather than
having the detector analyze particular points along the mirror, the source only projects a
particular pattern onto the mirror.5 For instance, consider a 3 x 3 array of sources, all placed
closely together so that they can effectively be considered to be one complex source. After the
light reflects off of the mirror, it will re-converge at the detector to form 9 distinct images. This
produces 9 distinct points on the mirror that can be analyzed, effectively creating the same
system as that used in the traditional Hartmann test. A diagram of this inverted system is
provided in Figure I-2.
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The Ronchi test is very similar to the traditional Hartmann test, but instead of using a
mask to isolate points along the mirror, the Ronchi test uses a series of alternating transparent
and opaque bands.6 How bent the bands appear when the light reaches the detector, if they are
bent at all, can be analyzed to estimate the mirror’s shape.7 For example, if the mirror is
spherical, then the bands will appear straight to the detector.8 However, if the mirror is aspheric,
then the mirrors will appear bent.9 A diagram of the Ronchi test system is provided in Figure I-3.
The Application
With these two tests in mind, the senior design team set out to develop a system to
determine the shape of a curved mirror. In their system, the user prints a square array of dots on a
sheet of paper and cuts out a hole in the center. The array of dots is meant to employ the
Hartmann test, and the square shape is meant to employ the Ronchi test. This sheet of paper is
then affixed to the back of an iPhone, with the central hole aligned with the phone’s camera. A
picture illustrating this arrangement is provided in Figure I-4.
The “OPEProject” application (which must be installed onto the phone) is then opened
and used to take two pictures of the mirror. For the app to be able to perform analysis on the
mirror, the camera must be aligned with the center of the mirror, and the array of dots must be
clearly visible in the images. Additionally, the two images must be captured at slightly different
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distances from the mirror. For instance, the first picture might be captured 175 mm away from
the mirror, and the second might be captured 180 mm away.
Once these images are captured, the app uses computer vision and object detection to
locate the dots and determines each dot’s distance from the center of the image. If the test is
performed correctly, the dots will not be in the same position in the two images. To follow how
the dots move, a path is drawn from each dot’s position in the first image to its position in the
second image. The lengths of these paths are plotted against the dots’ distances from the center
of the first image, and the relationships between these two values are used to estimate the
mirror’s shape.
This Analysis’s Purpose
As with most senior design projects, this system has several faults that must be ironed
out. One of the most prominent faults is the system’s inability to allow for error. In order for the
system to operate correctly, the camera must be perfectly aligned with the center of the mirror.
Of course, this all but impossible when the user is holding the phone in his or her hand, so the
user must construct a mount that can both hold the phone steady and translate closer to and
farther away from the mirror. From Figure I-5, which depicts one such mount, it is clear that
designing such a mount is inconvenient, to say the least.
The requirement for such high levels of precision completely defeats the purpose of the
application. The iPhone was selected above all other devices due to its ubiquity and accessibility,
and the need for the user to design a mount for their phone sharply reduces the program’s
accessibility, rendering the iPhone’s convenience useless. In order to restore the iPhone’s utility
in this system, it is the goal of this analysis to find patterns that illustrate how positioning errors

manifest in this system. Put simply, this project’s aim is to intentionally apply decenters to the
system and to scan the resulting data for any patterns.
During the course of this analysis, additional patterns began to emerge from the data. To
assist with the analysis of the decentered data, a curve fit was applied to the results of each test
case. After several tests were run, it became clear that there is a relationship between the shape
of the curve fit and the shape of the mirror. This relationship was explored more closely as a
secondary objective for this analysis.

Background
Essential Optical Concepts
In order to discuss this analysis in more detail, it is necessary to understand a few
foundational optics concepts. The first and most important of these concepts is ray tracing. To
understand ray tracing, first consider a couple of simple scenarios. First, imagine a system that
contains only a single point source (a single point in space that radiates light outwards in all
directions). The light emitting from the source can be represented by a series of arrows all
pointing away from the point source, as depicted in Figure B-1(a). Second, imagine a system that
consists of a point source and a planar mirror, such as the one shown in Figure B-1(b). The light
that shines on the mirror is reflected, as depicted by the arrow pointing towards the mirror and its
extension pointing away from it. This process of following the path that light takes from its
source to a detector is ray tracing.
One more essential concept is the optical axis of a system. The optical axis is an
imaginary line that travels through the system from the center of the first optical component to
the center of the last component. This line serves as a reference for any rays that must be traced
through the system, and it also acts as an axis of symmetry for the traced rays.
Asphericity
The last major concepts that must be addressed is geometrical in nature, but it is still
essential in order to fully appreciate this analysis. The first of these geometrical concepts is
asphericity. Until now, this report has referred to the mirror in the system as a general “curved
mirror”, but curved mirrors can be further classified as spherical, ellipsoidal, parabolic, or
hyperbolic. Among these, spherical mirrors are special because their properties are far more
idealized than those of non-spherical (or aspheric) mirrors. To illustrate, consider a test case of

the “OPEProject” application. In this system, each dot in the array may be treated as a source,
and rays can be traced from each source, through the system, and to the detector. When each ray
reaches the mirror, it will make an angle with the normal to the mirror’s surface. The reflected
ray will make the same angle, but it will be on the opposite side of the normal. The reflected ray
then propagates back towards the detector. If the ray is allowed to propagate past where it
intersects the camera lens, it will eventually cross the optical axis, and the tangent of the angle
that the extended ray makes with the optical axis (the angle of incidence with the camera lens) is
directly proportional to the distance between the optical axis and the point where the ray
intersects the camera lens (the lens intersection height, for simplicity) because of the generalized
equation
tan(𝐴𝑂𝐼) =

𝑙𝑒𝑛𝑠 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 ℎ𝑒𝑖𝑔ℎ𝑡
𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑐𝑎𝑚𝑒𝑟𝑎 𝑙𝑒𝑛𝑠 𝑎𝑛𝑑 𝑎𝑥𝑖𝑠 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡

What has been said so far is true no matter what sort of mirror is used in the system, be it
spherical, aspheric, convex, concave, planar, or a surface that is not even geometrically
identifiable (a mirror of completely arbitrary shape). What makes a spherical mirror special is
that the consistency in a sphere’s curvature provides a steady increase in a ray’s angle of
reflectance as the ray’s corresponding dot moves farther from the optical axis. That is, the dots
on the fringes of the array have a larger angle of reflection at the mirror, resulting in a larger
angle of incidence with the camera lens, bringing the position of the peripheral rays (the rays
farther from the optical axis) relative to the position of the paraxial rays (the rays near the optical
axis) back down to a value proportional to its initial value in the array. To simplify, the image of
a spherical mirror will resemble a scaled down copy of the object with minimal distortion (which
typically only occurs at the farthest edges of the periphery).

With aspheric mirrors, though, this is not the case. Whereas a sphere has a consistent
curvature from the axis to the periphery, an asphere will become either more curved or less
curved as the surface extends into the periphery. In most cases, an aspheric surface will become
less and less curved as distance from the axis (also known as the surface’s semi-chord diameter)
is increased. The rate at which the curvature changes as the semi-chord diameter increases is
quantified as a value known as the conic constant. For instance, a surface with a conic constant
of -1 becomes flatter at a fairly slow rate as the surface approaches the periphery, and a surface
with a conic constant of -10 becomes flatter very rapidly.
As a result of this changing curvature, an aspheric surface loses the self-correction that is
inherent to spherical surfaces. That is, as the dots approach the edges of the array, the angle of
reflection of each ray initially increases, but as the mirror flattens, the angle of reflection is no
longer sufficient to restore the peripheral rays’ relative positions in the camera’s image. As a
result, the mirror’s asphericity introduces distortion to the image.
One final topic that must be covered is that of the radius of curvature. For a spherical
mirror, the radius of curvature is quite simple to find and understand. If the mirror were to be
extended until it becomes a full sphere, the center of curvature would simply be the point at the
sphere’s center, and the radius of curvature would be the distance from the sphere’s surface to its
center of curvature. However, if the mirror is aspheric, the radius of curvature is not so simple.
Because the very curvature of the mirror changes, the radius of curvature changes as well.
However, to accurately describe an asphere’s curvature, it is necessary to use two radii of
curvature. The first of these radii is the tangential radius of curvature. Just as each point along a
curved plot has an instantaneous slope, each point on an aspheric surface has an instantaneous

curvature.10 If a hypothetical sphere having this instantaneous curvature is constructed, the radius
of this hypothetical sphere is the tangential radius of curvature corresponding to this
instantaneous curvature.11 It is worth noting that the tangential center of curvature only falls on
the optical axis at the apex of the curve (the point which is aligned with the optical axis).12 The
second of these radii is the sagittal radius of curvature. Whereas the tangential center of
curvature does not align with the optical axis in most cases, the sagittal center of curvature
always falls on the optical axis.13 The instantaneous sagittal radius follows the same path as the
instantaneous tangential radius, but it only extends until it encounters the optical axis.14
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Procedure
This project is easily divided into three main pieces: benchmark data acquisition,
decenter simulation, and conic analysis.
Benchmark Data Acquisition
In this first phase of the project, a physical apparatus was constructed based upon the
details provided in the “Information” section. There were, however, two notable differences that
were unique to this analysis. The first stems from the fact that an iPad was the only available
device that was capable of running the application. As such, the mount had to be designed with a
larger device in mind, but functionally, the system did not perform any differently than expected.
The second difference arises from the necessity of being able to decenter the system. Whereas a
typical mount would only need to translate directly towards or away from the mirror, this project
required that the mount also be able to translate to the left or right and up or down and that the
mirror be able to rotate around the asymmetric axes (the two axes that run perpendicular to the
optical axis).
Several test cases were conducted with this slightly modified system, all of which used a
parabolic mirror. Some cases featured a perfectly centered system, some laterally offset the
camera by a certain amount, and some rotated the mirror off axis. Several test results are
compiled in Figure P-1.
From the results shown above, one thing in particular is clear. In its current state, the
application is not consistent enough to be usable in this analysis. Even when perfectly centered,
the application sometimes has difficulty pinpointing where the dots are in the image, and
sometimes it does not accurately track how the dots move from the first image to the second.
This problem only worsens when the system is decentered in any way.

To alleviate these problems, a simulation of the system was constructed in Code V, a
software built for lens and optical system design. The simulated design matches physical
apparatus with one key exception; instead of treating each of the dots in the array as sources and
the camera as the detector, the simulation treated the camera as the source and each of the dots as
detectors. Because setting a single source and changing the ending position is less
computationally taxing then changing the source position and setting a single detector, this
change was able to speed up Code V’s inbuilt ray tracing process.
Beyond the design, one large change needed to be made to utilize the computer
simulation. Rather than analyzing the position of the dots in the image, the simulation analyzes
the rays that emit from the camera. More specifically, it collects the angle of incidence that each
ray makes with the optical axis. To simulate capturing two pictures with the application,
completing a test case requires running the looped ray trace twice, once for the initial position
and once for the slightly adjusted position. To visualize the data obtained in a given data set, the
user takes the tangent of every angle of incidence, takes the difference between the second
tangent value and the first tangent value, and plots said difference against the first tangent value.
Because the tangent of the angle of incidence is linearly related to the ray’s distance from the
center of the image, this method provides a reasonable substitute for the physical apparatus’s
data acquisition method. To aid in the visualization, a curve fit is applied to the plot described
above. To avoid overfitting, the fit is typically restricted to the third order.
The test cases that were performed on the physical apparatus were then replicated on the
simulation, and the two sets of results were compared to ensure that they match. Once it was
established that the two setups produce equivalent data, the project was cleared to proceed to its
next phase. The results of this benchmark test are shown in Figure P-2.

Decenter Simulation
In this second phase, the simulated system was used exclusively to ensure that the data
was noiseless and ideal. However, to keep the data consistent with the results obtained from the
physical system, a parabolic mirror (conic constant of -1) was still used in the simulated system.
To explore the effects of decentering a system, seven test cases were considered. A perfectly
centered system was used as a test case, and four lateral decenters and two rotational decenters
were separately applied to the system to explore their effects. The four lateral decenters consisted
of one 0.5 mm shift of the camera in the +x-direction (to the right), one 0.5 mm shift in the -ydirection (downwards), and two shifts in the +y-direction (upwards), one shift of 0.5 mm and one
of 5 mm. The two rotational decenters consisted of one shift of the mirror about the x-axis and
one about the y-axis, each with a magnitude of 0.1°.
Conic Analysis
During the project’s second phase, additional patterns were discovered in the curve fits of
the data plots. It was estimated that there is some sort of determinable relationship between the
shape of the curve fit and the shape of the system’s mirror, and an additional phase was added to
the project to explore this hypothesis. To refine this conjecture, trends were analyzed between
the curve fit’s linear term and the tangential radius of curvature, between the curve fit’s quadratic
and cubic terms and the conic constant, and between the curve fit’s linear term and the distance
between the first and second image of a data set (the set separation).
To find these trends, the conic constant was initially set to 0 (making the mirror
spherical), and four test cases were conducted at different distances from the mirror (175 mm,
200 mm, 225 mm, and 250 mm). These four test cases were repeated for mirrors of varying
shapes with varying conic constants (0, -0.25, -0.5, -0.75, -1, -1.5, and -2). Once all of the test

cases had been performed, a third order curve fit was applied to each of them, and the tangential
radius of curvature at the periphery of each of the seven mirrors was calculated and normalized
(by subtracting the value of the radius of curvature at the apex of the curve) to represent the
maximum value for the tangential radius of curvature. From there, several plots relating the
linear fit to the tangential radius of curvature and the quadratic and cubic fits to the conic
constant were compiled, and any meaningful trends were noted.
The relationship between the linear fit and the set separation was determined in a slightly
different manner. The camera was set at a distance of 260 mm away from the mirror, the mirror’s
conic constant was set to 0 (spherical), and several test cases were performed. Each test case
featured a different value for the set separation (5 mm, 1 mm, 0.1 mm, 0.01 mm, 0.001 mm).
Once each test case had been performed, a sixth-order curve fit was applied to the resulting plots.
The test cases were then rerun for a parabolic mirror (conic constant of -1) and a hyperbolic
mirror (conic constant of -10). The linear and quadratic terms of each equation were then
recorded, along with their corresponding set separation, and each of these terms was then divided
by the set separation.

Results
Decenter Simulation
Centered Data
A perfectly centered data set was included as a control group for decentering analysis.
The results associated with this control group can be seen in Figure R-1.
From this data, two trends are immediately apparent. The first is that the shape of the data
curve is parabolic. Given that this phase of analysis was performed using a parabolic mirror, this
shape is unsurprising. The second trend is that the data follows a very clean and clear path along
the plot; there is very little deviation from the curve fit.
Laterally Decentered Data
The four sets of laterally decentered data are compiled in Figure R-2. For reference, the
centered control set has also been included on each of the plots.
From Figure R-2, several clear trends can be seen. For instance, when a decenter is
applied to the system, the data begins to spread outwards, and this spreading only intensifies as
the decenter becomes larger. Interestingly, though, the curve fit of the spread data falls in almost
the exact same place as that of the centered data. Additionally, there appears to be no discernable
difference between decenter in the x-direction and decenters in the y-direction, provided that the
magnitude of the shift is consistent. As such, it is reasonable to conclude that the primary
determining factor in the plot’s shape is the magnitude of the decenter.
Rotationally Decentered Data
The two sets of rotationally decentered data are compiled in Figure R-3. Again, the
centered control data is also included in the plots for reference.

From these plots, it appears that a rotational decenter has the same (or very nearly the
same) effect as a lateral decenter. As such, it seems unnecessary to distinguish the two. In fact, if
the distance between the camera and the mirror is known, it may be possible to use the tangent of
the angular offset to convert the angular decenter to a lateral decenter. This, however, was not
testing in this analysis.
Conic Analysis
Linear Fit vs Tangential Radius of Curvature
Plots comparing the maximum tangential radii of curvature and the linear terms of the
curve fits are compiled in Figure R-4.
From these plots, it is clear that there is a quadratic relationship between these two
values; however, the nature of that quadratic fit is not yet clear. Additionally, there distance
between the camera and the mirror definitely has an effect on these results, but this effect is also
not yet clear.
Quadratic Fit and Cubic Fit vs Conic Constant
Plots comparing the higher-order terms of the curve fits and the conic constants are
compiled in Figure R-5.
The plots regarding the quadratic terms were consistently parabolic in shape. Those
regarding the cubic terms, though, were quadratic at shorter distances but became cubic at longer
distances. As such, it does not seem that the cubic term is very useful for conic analysis, but the
quadratic term can likely be used to develop a numerical model.
Linear Fit vs Set Separation
While there are no plots to illustrate the data collected for this set, the data was compiled
into a table, which is depicted in Figure R-6.

Unsurprisingly, all three of the mirrors produced different results. For instance, for
smaller set separations, the quotient of the linear fit and the set separation was found to be
consistent across all three of the mirrors that were tested. However, in the quadratic terms, the
differences between mirrors begin to crop up. For the spherical mirror, the quadratic values were
so small that they could be rounded off to zero; for the parabolic mirror, the quotient of the
quadratic fit and the set separation was to be very consistent for smaller set separations (most
likely due to the fact that the parabolic mirror’s shape requires second-order terms to describe);
and for the hyperbolic mirror, the quotient was totally inconsistent in the second-order terms.

Future Work
While making changes to the “OPEProject” application is outside the scope of this
project, it is this project’s aim to lay the groundwork for someone else to make adjustments to
the app. To this end, there are two primary ways that this project’s findings can be used to
improve the app.
The first way is to proceed with the data obtained during the decentering analysis. More
specifically, the next step is to derive a numerical model that accurately represents the effects of
a decenter. The best way to go about this would most likely be to derive a transform that
converts centered data to decentered data. This transform could then be inverted and applied to
decentered data to achieve a form of data rectification. After this, the only remaining step would
be to implement this into the application.
The second way is to further analyze the relationships between the curve fits for the data
and the shape of the mirror. To this end, one would need to add to the data that is currently
available; more distances and more mirrors need to be tested before a clear relationship can truly
be established. Once more data has been collected, a numerical model describing these
relationships can be developed and can be incorporated into the application. This could help to
streamline radius calculations as well.
Clearly, there is still work to be done before this application is complete, but it is the
hope that this project has helped to propel this project forward, even if just by a little bit.
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Figure I-1: Diagram of a Traditional Hartmann Test

Figure I-2: Diagram of an Inverted Hartmann Test

Figure I-3: Diagram of a Ronchi Test
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Figure I-5: Picture of Example of Mount

Figure I-4: Picture of Dot Array Attached to iPad

Figure B-1: (a) Rays Being Emitted from a Point Source and (b) a Ray Being Emitted by a Point Source and Reflected
by a Mirror

Figure P-1(a): High Quality Data Set Captured
with Physical Apparatus
Figure P-1 (c): Low Quality Data Set

Figure P-1 (b): High Quality Plot Derived from (a)
Figure P-1(d): Low Quality Plot Derived from (c)
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Figure P-2: Sample Simulation Data (left) and Corresponding Benchmark Data (right). Even though the axes are operating on
completely dfferent scales, the same trend can clearly be seen between the two images
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Figure R-2: Various Lateral Decenters and How They Compare to the Centered Case
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Figure R-3: Rotational Decenters and How They Compare to the Centered Case
Figure R-4: Linear Curve Fit vs Maximum Tangential Radius of Curvature
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Figure R-5: Quadratic Fit Terms vs Conic Constant (k*-1) (left) and Cubic Fit Terms vs Conic Constant (k*-1) (right)

Figure R-6(a): Curve Fit Terms vs Set Separation for Spherical Mirror

Figure R-6(b): Curve Fit Terms vs Set Separation for Parabolic Mirror

Figure R-6(c): Curve fit Terms vs Set Separation for Hyperbolic Mirror

Appendix
Code V Macro for Simulating the Physical Apparatus
LCL NUM ^ANGLES(1681) ^X ^Y ^COUNT ^X_DETECTOR(1681) ^Y_DETECTOR(1681)
CLO
OPE OLD U^FILE RvA_data_k0.txt
WRI U^FILE "d = 175 mm"
WRI U^FILE
THI S2 175
^COUNT == 0
FOR ^X 1 41 1
FOR ^Y 1 41 1
rsi f1 (^X-21) (^Y-21) 4
^COUNT == ^COUNT + 1
^ANGLES(^COUNT)==(AOI S1)
^X_DETECTOR(^COUNT)==(X S1)
^Y_DETECTOR(^COUNT)==(Y S1)
END FOR
END FOR
^COUNT == 0
FOR ^X 1 41 1
FOR ^Y 1 41 1
^COUNT == ^COUNT + 1
WRI U^FILE (^X-21) (^Y-21) ^ANGLES(^COUNT) ^X_DETECTOR(^COUNT)
^Y_DETECTOR(^COUNT)
END FOR
END FOR
CLO U^FILE

